Compact formulas for bounce and transit orbit averaging of the fluctuation-amplitude eikonal factor in axisymmetric tokamak geometry, which is frequently encountered in bounce-gyrokinetic description of microturbulence, are given in terms of the Jacobi elliptic functions and elliptic integrals. These formulas are readily applicable to the calculation of the neoclassical susceptibility in the framework of modern bounce-gyrokinetic theory. In the long-wavelength limit, we recover the expression for the Rosenbluth-Hinton residual zonal flow [Rosenbluth and Hinton, Phys. Rev. Lett. 80, 724 (1998)] accurately.
I. INTRODUCTION
Polarization effects have played a crucial role in the development of gyrokinetic theory [1] and its applications in gyrokinetic particle simulations [2, 3] . In the modern bounce-gyrokinetic theory, polarization results from the difference between the orbit-averaged position of a charged particle and its reduced position [4] . Each dynamical-reduction step introduced in the derivation of reduced Vlasov-Maxwell equations [5] yields a new contribution to the reduced polarization. Hence, bounce-gyrokinetic theory [6, 7] , which results from the combination of the guiding-center/gyrocenter and the bounce-center/bounce-gyrocenter dynamical reductions, includes four different polarization contributions [8] .
On the one hand, classical polarization effects, which are associated with the two-step guidingcenter/gyrocenter dynamical reduction, arise from the difference between the gyro-averaged position of a charged particle and its guiding-center and gyrocenter positions. On the other hand, neoclassical polarization effects, which are associated with the two-step bounce-center/bounce-gyrocenter dynamical reduction, arise from the difference between the bounce/transitaveraged position of a charged particle and its bouncecenter and bounce-gyrocenter positions. While gyroangle averaging is essentially a local process (due to the smallness of the gyroradius with respect to the background magnetic-field length-scale), the process of bounce/transit-angle averaging is a non-local one (especially for trapped-particle guiding-center orbits) [6] .
The purpose of the present paper is to present a compact formulation for bounce/transit averaging of the fluctuation-amplitude eikonal factor that relies on the representation of the trapped/passing-particle guidingcenter orbits in simple axisymmetric tokamak geometry [9, 10] based on Jacobi elliptic functions [11, 12] . With this compact formulation, we calculate the neoclassical susceptibility for arbitrary-wavelength electrostatic fluctuations in bounce-gyrokinetic theory [6, 7] , and we recover the expression for the Rosenbluth-Hinton residual zonal flow in the long-wavelength limit [13] [14] [15] and improve on the work of Wang and Hahm [8] .
The remainder of the paper is organized as follows. In Sec. II, we briefly present the compact Jacobi-ellipticfunction formulation of the trapped/passing-particle guiding-center orbits in simple axisymmetric tokamak geometry [9, 10] . Sec. III provides a brief context for the use of orbit averages in bounce-gyrokinetic theory. In Sec. IV, we present the compact formulations of bounce and transit averaging associated with trapped/passingparticle guiding-center orbits in simple axisymmetric tokamak geometry. Formulas are given for arbitrary values of the pitch-angle parameter (which thus takes into account finite-orbit-width effects from the full range of trapped/passing orbits) as well as the short/longwavelength limits. In Sec. V, we present the calculation of the neoclassical susceptibility in the long-wavelength limit and recover the Rosenbluth-Hinton result.
II. TRAPPED/PASSING-PARTICLE GUIDING-CENTER ORBITS
The analytic representations of the trapped-particle and passing-particle guiding-center orbits in axisymmetric tokamak geometry were expressed in terms of Jacobi elliptic functions and integrals [11, 12] in Ref. [9] . The trapped-particle and passing-particle guiding-center orbits are parameterized by the dimensionless pitch-angle parameter [20] κ(E, µ, ψ) ≡ E − µ B e 2ǫ µB 0 ,
where E denotes the guiding-center's energy, µ denotes its guiding-center magnetic moment, and ψ is the poloidal magnetic flux at the equatorial outside midplane. In addition, ǫ(ψ) < 1 denotes the inverse aspect ratio and B e ≡ B 0 (1 − ǫ) denotes the equatorial magneticfield strength on the outside midplane (B 0 denotes the magnetic-strength on the magnetic axis). For trapped-particle orbits (κ < 1), the parallel guiding-center momentum p and the poloidal angle ϑ are expressed in terms of Jacobi elliptic functions (cn, sn) as [9] :
where the parallel momentum on the equatorial outside midplane is
with the connection length R ≡ ds/dϑ defined as the rate of change of distance s along a magnetic-field line as a function of the poloidal angle ϑ [9] and ω R ≡ ǫ µB 0 /m. The bounce angle ζ b ≡ χ b ν b is defined in terms of the bounce factor
where K(κ) denotes the complete elliptic integral of the first kind [12] . We note that ν b (κ) varies from ν b (0) = 1 (deeply-trapped limit) to ν b (1) = 0 (separatrix limit). For passing-particle orbits (κ −1 < 1), the parallel guiding-center momentum p and the poloidal angle ϑ are expressed in terms of Jacobi elliptic functions (dn, sn) as [9] :
where the transit angle ζ t ≡ χ t ν t / √ κ is defined in terms of the transit factor
which varies from ν t (1) = 0 (separatrix limit) to ν t (κ) ≃ 2 √ κ in the strongly-circulating limit (κ ≫ 1).
III. BOUNCE-GYROKINETIC THEORY
We will now elaborate briefly on the bounce-gyrocenter formalism in order to provide a context for the orbitaveraging process. Using the powerful Lie-perturbative formalism [16] , it has been shown that a series of nearidentity transformations provide an equivalent description of particle motion and their associated gyrocenters [17] , when the gyration period 2π/Ω c and Larmor radius ρ are small compared to the dynamic time scale and the magnetic gradient scale length, respectively. The particle Lagrangian can therefore be transformed successively to a guiding-center and gyrocenter Lagrangian. The guiding-center transformation includes effects from magnetic nonuniformity and the gyrocenter transformation address electromagnetic fluctuation effects influenced by the discrepancy between particle position and gyrocenter. The new Lagrangian is expressed in terms of the old with a reversible formula,
where the role of the gauge function S is to eliminate the gyrophase dependence at each order in the perturbation. In particular, the dominant contribution at lowest order involves the explicit gyrophase-dependence of the electric potential fluctuations at the guiding-center position,
Although one might expect that some gyrophasedependent information is lost as a consequence of gyrophase average at every truncated transformation, this transformation is reversible and the gyrophase-dependent information can be recovered from the gauge-function S at each order. Therefore, averages appear whenever local fluctuations need to be expressed in the reduced coordinates, the gyrophase-dependence being specifically stored in the gauge function at each order. This is prominent in the particle density expressed in terms of guiding-center quantities which involves a classical polarization correction elaborated on in Sec. V. When the period 2π/ω b/t and radial excursion ∆r of the guiding-center orbit are also small compared to the characteristic temporal scales and the magnetic gradient scale length respectively, we can use the same method [6, 7] to reduce further the dynamics to that of "bounce centers", where parallel oscillations are absent from the reduced equations of motion in much the same way that particle gyration was reduced in the gyrocenter equation. In a similar fashion to the gyrocenter description, we call "bounce-gyrocenter" the resulting Lagrangian including orbit effects from magnetic nonuniformity and electromagnetic fluctuations. As one might expect, the fluctuations in bounce-center coordinates are bounce-angle-dependent and the orbit average appears naturally in the lowest-order gauge function,
This justifies the derivation of compact orbit-averaging formulas in Sec. IV in order to evaluate the resulting neoclassical corrections to bounce-center quantities addressed in Sec. V.
IV. ORBIT AVERAGING IN BOUNCE-GYROKINETIC THEORY
One common approximation for an axisymmetric perturbation potential field Φ 1 representing poloidal flows in a time-independent, weakly-nonuniform background axisymmetric tokamak plasma is to assume that its radial dependence enters through an eikonal phase Θ(ψ) at the lowest order, i.e., Φ 1 ≡ Φ 1 exp[i Θ(ψ)], where the eikonal amplitude Φ 1 and the radial wavevector k ⊥ ≡ ∇Θ = k r ∇r are both weakly spatially dependent with respect to the orbit width.
The bounce-center phase-space transformation from the reduced guiding-center coordinates to the bouncecenter coordinates was recently [10] solved in terms of the Jacobi elliptic functions explicitly. In particular, the transformation from the poloidal magnetic flux ψ to the bounce-center magnetic-flux coordinate ψ was expressed in terms of the poloidal-flux deviation ∆ψ from ψ [9, 10] :
where the parallel momentum p is either given by Eq. (2) for trapped particles or Eq. (6) for passing particles, where p e is defined in Eq. (4), and B ϕ ≡ B tor R is the covariant toroidal component of the magnetic field evaluated at ψ. The Jacobi-elliptic representations (2)-(3) and (6)-(7) of the guiding-center orbits can readily be applied to the orbit averages (O) of the eikonal-phase factor [8] 
where the eikonal phase Θ(ψ) = Θ(ψ) + ∆Θ is Taylorexpanded about ψ, with ∆Θ ≡ k r ∆ψ/(B pol R). In what follows, we will use the definition
where ρ pol ≡ 2µ B 0 /mΩ 2 pol denotes the poloidal gyroradius, so that Eq. (13) becomes
where bounce/transit averaging · · · b/t will be defined below.
A. Work by Wang and Hahm
Wang and Hahm [8] calculated the averaged eikonalphase factor (13) for the purpose of deriving the neoclassical polarization density according to bounce-center gyrokinetic theory. Two limits were considered: the shortwavelength limit k r ρ pol ≫ 1 (with α ≫ 1) and the longwavelength limit k r ρ pol ≪ 1 (with α ≪ 1).
Two additional limits were also considered when finiteorbit effects can be ignored: the deeply-trapped limit (κ ≪ 1) for trapped-particle orbits and the stronglycirculating limit (κ ≫ 1) for passing-particle orbits. It is in these limits that explicit analytic formulas for averages are typically presented in the literature (e.g., Ref. [8] ). As κ → 1 (either from below, for trapped particles, or from above, for passing particles), however, the Jacobielliptic functions and integrals are required for an accurate description of significant finite-orbit effects, as will be shown below.
The most important difference between the work of Wang and Hahm [8] and the present work is our ability to deal explicitly with full finite-orbit effects with arbitrary pitch-angle parameter values: 0 ≤ κ < 1 for trapped particles (e.g., see Fig. 3 ) and κ > 1 for passing particles (e.g., see Fig. 6 ).
B. Bounce Average
The bounce-averaging operation is formally defined as
where the integration cycle involves a round-trip between two turning points. By substituting
and v = R ω b (∂ϑ/∂ζ b ), we find ds/v = dχ b /ω . Since ω b /2π = ω /(4 K), the bounce-averaged eikonal factor (13) becomes
This average can be expressed in terms of the multivariable generalized Bessel functions of Dattoli et al. [18, 19] . In the present work, we explicitly express these generalized functions in terms of products of standard Bessel functions. We note that in the deeply-trapped limit (κ → 0) and the barely-trapped limit (κ → 1), the bounce-averaged eikonal factor (18) becomes
where we used the limits The Taylor expansion of Eq. (18) in powers of α yields
where the first integral vanishes if n is odd and the coefficients
satisfy the recurrence relation for m ≥ 1 (adapted from exercise 3.15 of Ref. [12] ):
with B 0 = 1 and
Hence, in the long-wavelength limit (α ≪ 1), we find from Eq. (21)
where B 1 (κ) and B 2 (κ) are shown in Fig. 1 , with the approximation B 1 (κ) ≃ κ/2 in the deeply-trapped limit (κ ≪ 1) also shown. 
Fourier expansion
The short-wavelength limit (α ≫ 1) requires a different approach than the Taylor expansion (21) . In order to explicitly evaluate the bounce-angle averaging in Eq. (18), we now introduce the Fourier series (formula 8.7.7 of Ref. [12] )
where the Jacobi parameter τ (κ) Fig. 2 (solid curve) . The bounce-averaged eikonal-phase factor (18) then becomes
where the bounce-averaging coefficients are defined as Figure 3 shows the bounce-averaging coefficients (28) in the range 0 ≤ κ < 1 for n = 0 (solid), n = 1 (dashed), and n = 2 (dot-dashed). We note that a 2n+1 (κ) → 0 as κ → 0 and 1 for all n, so that Eq. (19) is satisfied. We also note that a 1 dominates in the deeply-trapped limit (κ ≪ 1), where the approximation a 1 ≃ √ κ is used by Wang and Hahm [8] .
By using the Fourier-Bessel series
we obtain the bounce-averaged expression in Eq. (27): where the "fundamental" contribution is defined by the infinite Bessel product
and the "harmonic" contribution is defined by the infinite Bessel product We note that, depending on the relative sizes of the bounce-averaging coefficients (28), the fundamental (30) and harmonic (31) contributions to the bounce average (29) may include a large number of terms, especially as we approach the trapped-passing boundary. Figure 3 shows that for trapped-particle orbits that are far from the trapped-passing boundary (κ < 0.8), only the coefficients a 1 (solid line) and a 3 (dashed line) are large enough to contribute to the bounce-average (27). Hence, the fundamental contribution (30) can be approximated as
while the harmonic contribution (31) can be approximated as
where, for practical applications, we truncate the harmonic contribution at a finite order M . 
Limiting cases
In the deeply-trapped limit (κ ≪ 1), the fundamental contribution (30) agrees very well with the deeplytrapped limit: J 0 (α a 1 ) ≃ J 0 (α √ κ) used by Wang and Hahm [8] . In the moderately-trapped regime (0.4 ≤ κ ≤ 0.8), however, Fig. 4 (top: κ = 0.4; bottom: κ = 0.8) shows that, in the short-wavelength limit α ≫ 1, we begin to see significant departures from J 0 (α a 1 ) as κ increases and a progressive influence of the harmonic contributions
We note, however, that for α < 2, we can reliably use
for pitch-angle-parameter values almost up to κ = 1. Lastly, we note that the long-wavelength limit of the Fourier-Bessel formula (29) yields the expansion
which agrees with the Taylor-expansion (25) (see Fig. 7 ).
C. Transit Average
For passing-particle guiding-center orbits (κ > 1), the transit-averaged eikonal-phase factor is defined as
where K ≡ K(κ −1 ), and σ denotes the sign of p : σ = +1 for co-passing particles; and σ = −1 for counterpassing particles. Again, this average can be expressed in terms of the multi-variable generalized Bessel functions of Dattoli et al. [18, 19] .
In the limit where we are approaching the trappedpassing boundary κ = 1, we find
where we used lim κ→1 √ κ dn(χ t |κ −1 ) = 0. The Taylor expansion of Eq. (36) in powers of α yields
where the coefficients
satisfy the recurrence relation for n ≥ 2 (adapted from exercise 3.15 of Ref. [12] ):
with T 0 = 1 and
Hence, in the long-wavelength limit (α ≪ 1), we find from Eq. (38)
. (42) Since T n (κ) < 1 for all n (see Fig. 5 ), we note that e i∆Θ t < exp(iσ α √ κ). 
Fourier expansion
The short-wavelength limit (α ≫ 1) requires a different approach than the Taylor expansion (38). We thus introduce the Fourier series (formula 8.7.8 of Ref. [12] )
where Fig. 2  (dashed curve) . The transit-averaged eikonal-phase factor (36) therefore becomes
where the transit-averaging coefficients are defined as Figure 6 shows the transit-averaging coefficients b 2 (solid) and b 4 (dashed). We note that the transit-averaging coefficient b 2 is approximated as 1/4 √ κ (dot-dashed curve in Fig. 6 ) in the strongly-circulating limit (κ ≫ 1).
Next, we use the Fourier-Bessel series
to find that, for passing-particle guiding-center orbits far from the trapped-passing boundary (i.e., κ > 2), the transit average (44) can be approximated as
Lastly, as was the case with the bounce-averaging result, the number of transit-averaging coefficients b 2n needed to evaluate the transit average (44) increases as we approach the trapped-passing boundary (κ → 1). Plots of b2 (solid) and b4 (dashed) in the range 1 < κ ≤ 6. In the strongly-circulating limit (κ ≫ 1), we find b2 ≃ 1/(4 √ κ) (dot-dashed).
Limiting cases
In the short-wavelength (α ≫ 1) and stronglycirculating (κ ≫ 1) limits, the transit average (46) is approximated as
which is consistent with the stationary-phase result (45) of Wang and Hahm [8] , with
In the long-wavelength limit (α ≪ 1), we find
where we used the identity 1/K(κ −1 ) ≡ (2/π) 2 E(κ −1 ) and the expansion ν 
V. NEOCLASSICAL POLARIZATION IN THE LONG-WAVELENGTH LIMIT
In this Section, we consider an application of the compact formulation of orbit averaging presented in Sec. IV by deriving the formula for the neoclassical polarization in the long-wavelength limit (α ≪ 1).
One direct consequence of dynamical reduction associated with the phase-space transformation T ǫ : z → Z ≡ T ǫ z is the introduction of polarization effects in the reduced Maxwell equations [21] [22] [23] . The reduced polarization charge density ∆̺ ≡ ̺ − ̺, defined as the difference between the particle charge density ̺ and the reduced charge density ̺, can be expressed in terms of the general expression
where · · · O denotes orbit-averaging with respect to the fast dynamics and the particle Vlasov distribution f ≡ T ǫ F is expressed in terms of the reduced pull-back operator T ǫ acting on the reduced Vlasov distribution F . In bounce-gyrokinetic theory [6] [7] [8] , the reduced polarization charge density naturally divides into classical (cl) and neoclassical (nc) contributions: ∆̺ ≡ ∆̺ cl + ∆̺ nc . The classical polarization contributions are associated with the gyromotion dynamical reduction carried out through the guiding-center (gc) and gyrocenter (gy) phase-space transformations, while the neoclassical polarization contributions are associated with the bouncemotion dynamical reduction carried out through the bounce-center (bc) and bounce-gyrocenter (bgy) phasespace transformations.
We note that the classical and neoclassical contributions due to the guiding-center and bounce-center transformations explicitly depend on the background magnetic-field nonuniformity [23] . These contributions, which are omitted here, are normally implicitly included in the definitions of the gyrocenter and bouncegyrocenter densities (e.g., see Eq. (24) of Ref. [8] ). The classical and neoclassical contributions due to the gyrocenter and bounce-gyrocenter transformations, on the other hand, explicitly depend on the fluctuating electrostatic potential Φ 1 , and these contributions are now considered separately.
First, the classical gyrocenter polarization charge density is expressed as
where the gyroangle-averaged eikonal factor exp(ik · ρ) g ≡ J 0 (k r ρ) is expressed in terms of the zeroth-order Bessel function and we assumed that the bounce-gyrocenter distribution F ≡ N exp(−E/T )/(2π mT ) 3/2 is a Maxwellian distribution. Here, the classical gyrocenter susceptibility is defined in the long-wavelength limit (k r ρ T ≪ 1) as
where I 0 (k r ρ T ) 2 denotes the zeroth-order modified Bessel function, with the dimensionless parameter k r ρ T defined in terms of the thermal gyroradius ρ T = (T /mΩ 2 ) 1/2 . Because of the large ion-electron mass ratio m i /m e ≫ 1, we note that the ion contribution to the classical gyrocenter susceptibility (51) is dominant if
Secondly, the neoclassical bounce-gyrocenter polarization charge density is expressed as
where d 3 P = 4π (mω R ) 2 B 0 dµ dκ/|v | and we once again assume F to be a Maxwellian distribution. Following Wang and Hahm [8] , we introduce the flux-surface averaged neoclassical polarization charge density
and, using the identity
where we used ∂θ/∂ζ b/t ≡ |v |/(R ω b/t ), we define the general expression for the flux-averaged neoclassical susceptibility as
where we used the definitions y ≡ µ B 0 /T and E/T = y (1−ǫ+2 ǫκ). In addition, the orbit factor Γ b/t is defined in the long-wavelength limit (α ≪ 1) as
where the additional factor 2 is assigned to the transitaverage to account for the contributions from co-passing and counter-passing orbits, and
with k r ρ T pol defined in terms of the poloidal thermal gyroradius ρ
Here too, we place ourselves in the long-wavelength approximation k r ρ T pol ≪ 1.
A. Trapped particles
We first consider the trapped-particle contribution (for which 0 ≤ κ < 1) to the neoclassical susceptibility (54). Using Eqs. (5), (24), and (55)- (56), we find
so that the trapped-particle contribution to the neoclassical susceptibility (54) is (to lowest order in ǫ, with E/T ≃ y)
This expression can be compared to the long-wavelength deeply-trapped neoclassical susceptibility found by Wang and Hahm [8] , which replaces B 1 (κ) with B 1 (κ) ≃ κ/2 in Eq. (57) and, thus, the factor 4/9 is replaced with 5/9 in Eq. (58). Figure 7 shows that the Fourier-Bessel longwavelength expression (35) is quite accurate even when
1 /2 is taken into account.
B. Passing (circulating) particles
Next, we consider passing-particle orbits (for which κ > 1) to the neoclassical susceptibility (54). Using Eqs. (8) , (41), and (55)-(56), we find so that the passing-particle contribution to the neoclassical susceptibility (54) is (to lowest order in ǫ, with E/T ≃ y)
We note that the Wang-Hahm result [8] for the passingparticle contribution replaces the factor 0.43 with 0.33, while the long-wavelength limit of the Fourier-Bessel expression
obtained from Eq. (46) is nearly indistinguishable from the curve shown in Fig. 8 .
C. Total neoclassical susceptibility
By adding the trapped/passing-particle contributions (58) and (59), we obtain the total flux-averaged neoclassical susceptibility in the long-wavelength limit:
where we used the long-wavelength limit (51) of the classical susceptibility χ cl . We note that the Wang-Hahm result [8] trapped-particle contribution (see Fig. 3 ) and underestimates the passing-particle contribution (see Fig. 6 ) by respectively using the deeply-trapped and stronglycirculating approximations. Finally, we note that Eq. (61) is identical to the result obtained by Rosenbluth and Hinton [13] for the fluxsurface averaged alpha-particle radial current. The expression for the Rosenbluth-Hinton residual flow [14] is recovered by combining the long-wavelength classical and neoclassical susceptibilities:
The compact formulas introduced in Sec. IV could readily be used to generalize this result to include higher-order corrections in powers of α.
VI. SUMMARY
By using the elliptic-function representation of the trapped/passing-particle guiding-center orbits in simple axisymmetric tokamak geometry (presented in Sec. II), we have derived explicit compact expressions for the orbit-averaged eikonal factor e i∆Θ O that appears in bounce-gyrokinetic theory.
For the case of the bounce average associated with trapped-particle guiding-center orbits, we obtained 
where the coefficients B m (κ) are defined in Eqs. (22)- (24) while the coefficient a 1 (κ) is defined in Eq. (28). For the case of the transit average associated with passingparticle guiding-center orbits, we obtained
where the coefficients T n (κ) are defined in Eqs. (39)-(41) while the coefficients ν t (κ) and b 2 (κ) are defined in Eqs. (8) and (45). These compact formulas were used to recover the Rosenbluth-Hinton result (62) more accurately than previously calculated by Wang and Hahm [8] . Therefore, our results are applicable to problems in which an expression for the neoclassical susceptibility (54) is valid over a wide range of wavelengths is needed [24] , where Eq. (55) 
and the coefficients a 1 (κ) and b 2 (κ) are defined in Eqs. (28) and (45), respectively.
Lastly, the compact formulas presented here can be extended to the case of self-consistent bouncegyrokinetic Vlasov-Maxwell equations, where bouncegyrocenter magnetization associated with magnetic-field fluctuations in simple axisymmetric tokamak geometry can also be calculated explicitly.
